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Ph 1 Abstract 

C$ , In this paper we study the homeomorphic properties of the solutions to one dimensional 

backward doubly stochastic differential equations under suitable assumptions, where the 
terminal values depend on a real parameter. Then, we apply them to the solutions for a 
class of second order quasilinear parabolic stochastic partial differential equations. 
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• 1— I 

For fix a positive real number T > 0, let {W t , < t < T} and {B t , < t < T} are two mutually 
independent standard Brownian motions with values in TR, defined respectively on the two 
probability spaces (fix, T\, Pi) and (fl 2 , ^2,^2)- Next we consider P) the probability 

space defined by 

n = fii x n 2 , T ' = Ti®?2 and IP = Pi <g> P 2 , 
and M denote the class of TP-null sets of T . For each t e [0, T], we define 
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where for any process {fjt}, J^t = o-{r] r — r) s , s < r < t} V Af, Tl = T§ t . 

Let us remark that the collection F = {JF 4 , t G [0, T]} is neither increasing nor decreasing 
and it does not constitute a filtration. Further, we assume that, random variables, ({^2), ^2 £ 
Q 2 are considered as random variables on fl via the following identification: 

CM^a) = CM- 

Now, let consider the following one dimensional backward doubly stochastic differential 
equation (BDSDE): 

if = £ + ^ f(s, K/, Zl) ds + j\(s, Yf, Zl)d% - £ ZldW s , t G [0, T], (1.1) 

where the terminal condition £ G L 2 (fi, JT T) P), f(s,u,y,z) : [0, T] x Q x IR x IR — > IR and 
<7(s, cu 2 , y, 2) : [0, T] x fi 2 x IR x IR — > IR satisfy that 

(Hy) for all y, z G IR, the process 1 1— > (fit, y, z),g(t, y, z)) is jF r adapted, 

/ \f(s,0,0)\dseL 2 (n,F T ,W), 
Jo 

for some Cf > and all (s, ujx, u 2 ) G [0, T] x fix x f2 2 , y, 2/', 2, z' G IR, 

c, y, z) - /(*', y', z')\ < C f (\y - y'\ + \z - z'\) . 

(H*) for all y, z G IR, the process 1 1— >■ <?(£, y, 2;) is JF r adapted, 

/ |^(s,0,0)| 2 dseX 1 (n 2 ,^ T ;P), 
Vo 

for some C 9 > 0, < a 9 < 1 and all (s, co> 2 ) G [0, T] x f2 2 , y, y', z, z' G IR, 
|</(s,w 2 ,y,«) - g(s,uj 2 ,y\z')\ 2 < C g \y - y'\ 2 + a g \z - z'\ 2 . 

Solving such an equation is to find a pair of J^-adapted processes (Y t , Z t ) such that Eq.f ll.ip 
holds. Applying the extension of representation theorem of martingales with respect to Q t , 
denoting by Q t = V J 7 ^, the existence and uniqueness for Eq. fll.ip were first established 
by Pardoux-Peng |6j. Since then, the theory for BDSDEs achieved fruitful results, which has 
also been proved to be an efficient tool such as probabilistic interpretation of stochastic partial 
differential equations. We can cite the two remarkable works due to Bukdhan and Ma (cf. 
[HE]), which introduced the very interest notion of stochastic viscosity solution of SPDE. 

In this paper, we consider the following problem: if the terminal condition £ is replaced 
by a family of J-r-measurable random variables depending on a parameter x G IR and 
such that x 1— > £(x,u) a.s. are homeomorphisms on IR, could the corresponding solution 
to Eq. fll.ll) x I— > be homeomorphisms on IR? When all the things are non-random, 
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this problem is of course affirmative. In the case of forward stochastic differential equations, 
stochastic homeomorphisms flows are well known and were studied in [U, [5], [H [9], etc. In 
particular, in his book |5j, Protter studied the more general stochastic flows of SDEs driven 
by semimartingales. The situation for BSDEs have been investigated recently by Huijie and 
Zhang [7j. The proof is based on given extended comparison theorem for BSDE, which is 
used to compare the solutions of the BSDE with the backward ordinary differential equation, 
and on Yamada-Ogura's argument [8j. The aim of this paper is to adapted the same step to 
the BDSDE in order to answer the above question positively. Here, we use the new version 
of comparison theorem for BDSDE to compare the solutions of the above BDSDE with the 
backward stochastic differential equation. 

We are mainly devoted to proving the following two results. 
Theorem 1.1 In addition to (Hj) and (H*) ; we also assume that 

(iij) the random variable J Q T \ f(s,0,0)\ds is bounded by Co; 

(Hp the function g is linear in y and independent of z i.e there exist a functions a : [0, T] x 
Vt 2 IR such that g(s,u 2 ,y) = a{s,u 2 )y verifying \a(s,u}2)\ < C g /2 a.s. for all 

«e [()//'] 

(H|) for almost allu, x i— > £(a>, x) is increasing (or decreasing) and a homeomorphism on M; 
(H|) for any R > 0, there are 5 R , C R > such that IE\£{x) - £(y)| 2 < C R \x - y\ l+&R for all 

M, \y\ < R; 

(H|) for some Rq > ande > 0,'na£\ x \>R o ^(x,uj)/h(x) > e a.s., where h(x) is a real continuous 
function on M satisfying lim^-too h(x) = ±oo (or linx^-i-oo h(x) = ^foo). 

Then, for almost all to £ £1, the map is a homeomorphism for every 

te[0,T}. 

The proof of this theorem is based on an extended comparison theorem for BDSDE given in 
Section 2, which is used to compare the solutions of the BDSDE with the backward stochastic 
differential equation 

Theorem 1.2 In addition to (Of), (H 2 ), (H|) and (H|), we assume that 

(H? ) for some C\ > 0, and E\ > 0, it holds that 

y.f(s, u>, y, z) > — Ci\z\ 2 , for all (s, uS) G [0, T] x fl and \y\ < £\, z G M; 
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H|') for some (3 < ±=§^ A 0, liminf| xHoo IE\i(x)\ Ap = 0. 



Then, for almost all u> £ Q, the map is a homeomorphism for every 

te[o,T]. 

The proof of this theorem is based on Yamada-Ogura's argument [10]. An elementary 
function satisfying (Hy) and (Hx) is f(y,z) = y + arctany.(l + sin 2;). Moreover, it is clear 
that (H^) and (H|) implies respectively (H*) and (H| ). These two theorems will be proved in 
Section 2. 

A simple financial meaning for these results is explained as follows: if one investor wants 
to get sufficiently high return at a future time, then he or she must invest enough money at 
the present time. 

In Section 3, we apply Theorem 1.2 to the following backward doubly stochastic differential 
equation coupled with a forward stochastic differential equation: 

Xl> x = x + J b(X^ x )dr + J a(Xl' x )dW r 

Y s = h(X t /) + j f(r,X t r ' x ,Y r t ' x ,Z t r ' x )dr+ j a(r, X^)^dB r (1.2) 

J S J S 

-f z^dWr, se[t,T), 

J s 

where b, a, h : H -> IR, / : [0, T] x IR x IR x IR -> IR and a, c : [0, T] x IR -> IR are Borel 
measurable functions. This type equation in general case was proved in Pardoux-Peng [6] to be 
related to some second order quasilinear parabolic stochastic partial differential equations under 
some regularity assumptions on the above functions. Our another aim in the present paper is 
to obtain the homeomorphic property for x 1— > Y£' x , and furthermore, get the homeomorphic 
property for the solutions to some second order parabolic partial differential equations. 

Throughout the paper, C with or without indices will denote different positive constants 
(depending on the indices) whose values are not important. 



2 Proofs of Main results 

Before proving our main results, let us first prove a other version for the comparison theorem 
of BDSDEs which need a slight constraint on the coefficient g, that is g no dependent of z . 
Here the method is borrowed from El Karoui et al. [3] . 

Theorem 2.1 (z) f 2 satisfies (H^ 1) with Lipschitz constant Cfi, and / 1 (s, u, y, z) > f 2 (s,u,y, z) 
for all (s, u) G [0, T] x Vt and y, z, G IR; 
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(ii), Vt and V 2 are Tt-adapted and finite variation processes with d{V l — V 2 )f < df3 t for some 
determined and increasing function (3t, where d(V x — V 2 )f denotes the positive variational; 

{Hi) Z 1 , £ 2 , V£, V 2 G L 2 (tt, F T , IP), (f 1 - £ 2 + V* - V 2 ) > e a.s. for some e > 0. Let Y t l and 
Y 2 be the solutions to the following BDSDEs: 

"T rT , pT 



Y? = ? + V? + J f 1 (s,Y s 1 ,Z 1 s )ds + J 9 {sX)dB s -J Z\dW s , t G [0, T], 

Yt = e + V t 2 + £ f\s, Y 2 , Z 2 )ds + £ g(s, Y 2 )dB s - jT Z 2 dW s , t G [0, T]. 

Then we have for any t £ [0, T] 

Y} _ y 2 > e-^ +c ^ T e - e ^ +c ^ T , a.s. 
In particular, if = V 2 and > £ 2 a.s., then for all t G [0, T] 

Yt > Y 2 , a.s. 

Proof. Put 

i = e~e, Y t = Y t l -Y 2 , V t = V t l -V 2 , Z t = Z l t -Z 2 
ft = f\t,Y 2 ,Z 2 )-f 2 (t,Y 2 ,Z 2 ), 

and 

at = \f\t,Yt,Z\)-f\t,Y 2 ,Z\)\l{Yt-Y 2 )\ {YHY ^, 
b t = [f\t,Y 2 ,Zl)-f\t,Y 2 ,Z 2 )]/(Zl-Z 2 )l {z ^ zn , 
c t = [g{t,Y t l )-g{t,Y 2 )]/{Y t l -Y 2 )l {Y ^ Y?] . 

Then for fixed r G [0,t] 

Y t = i + Vt + £ [a,Y 8 + b a Z a + f a ]ds + J c s Y s dB s - J Z s dW s 

= Y r + V t - V r - f [a s Y s + b s Z s + f,]ds - I c s Y s dB s + f Z s dW s , 

J r J r J r 

is a linear BDSDE. It is well not that this equation has an explicit solution given by: 

Y t = Q t T Y T - ( QldV s + [ Qlf s ds- I Ql(b s Y s + b s Z s + Z s )dW s , (2.1) 
Jt Jt Jt 

where for fixed t G [0, T] we define 

Ql = exp (^j^ b r dW r — ^ \b r \ 2 dr + c r dB r ~7}J^ \c r \ 2 dr + Ogds^j , 

t< s <T. 
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Noting that 

hl<cvi, \b t \<c P , \c t \<c g , 

Ql is well defined. Moreover it is clear that for any 0<t<s<T, we have 

e -(c fl +c s )(s-t) < jE[gi|jr 4 ] < e ( c fi+ c !>)( s - t ) 

Taking expectation with respect to Tt in (12. II) . we obtain 

Y t = -E[Q t T Y T \F t ]- J m[Ql\F t }dV s + J miQlf^ds. 
Therefore, by (i), (ii) and (Hi) we have 

Y t = iE[g^y T |^ t ] - J miQ^dv. + J E[g*A|^ t ]da 

T 

> emiQ^Tt]- J IE[Q*|.F t ]dft 

> e -iC fl+ C 3+a3 )T £ _ e{ C }1+ C a+aa )T^ Qg 

The proof is thus complete. ■ 

For simplicity of the notation, we write Y t x = Y^^ in the sequel of the paper. Let us prove 
a useful Lemma. 

Lemma 2.1 Assume (Hjp) ; (Hp and (H|) hold. Then for any R > we have 



IE 



sup \Y t '-Y?\ 2 

0<t<T 



<C R \x-y\ 1+5 \ \x\, \y\<R. 



In particular; {Y t x : (t,x) G [0, T] x M admits a bicontinuous modification. If in addition (H|) 
holds, then 

IP(uj : Yf(oj) < Y t y (ou), Wx<y, te [0,T]) = 1. 
Proof. Set Y t = Y t x — Y"/ and Z t = Z x — Zf. By Ito's formula, we have 

\Yt? + f \Z s \ 2 ds = \Y T \ 2 + 2j T Y s [f(s,Y:,Z:)-f(s,Yy,Zy)]d S 

cT 



+2^ \g(s,Y: } Z:)-g( S ,Y s \Zy)\ 2 ds 
+2 ^ Y s [g(s, Y s x , Z*) - g(s, Yf, Z»)\dB s - 2 jT Y s Z s dW s 
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Taking expectation and using (Hj-), (H*) and Young's inequality, we deduce that 



JE\Y t \ 2 + (1 -a-7)E / |Z s | 2 ds < E|F T | 2 + CE ^ |F s | 2 rfs, 



for 7 taken small enough such that 1 — a — 7 > 0. It then follows from Gronwall's inequality 
and (H|) that for any t G [0,T] 



IE|F t | 2 + (l-a 



7)IE i 



\Z s \ 2 ds < CJE\Y T \ 2 < C\x - y 



1+Sr 



(2.2) 



Hence, by Burkolder's inequality we have 



IE 



sup I It I 

0<t<T 



< E 



Y T \ 2 + C [ TE\f(s,Y:,Z:)-f(s,Y s y,Zy)\ 2 ds 
Jo 

+2 f lE\g(s, Y x , ZD - g(s, Y* , Z^ds 
Jo 



+CIE 
+CIE 



sup 

0<i<T 



sup 

0<t<T 



\g(8,Y?,ZZ)-g( 8 ,Y?,Z}!)]dB t 



T 2" 



\ZJ ds 



< CE||F T | + 

< C\x-y\ 1+&R . 

The proof is finished. ■ 

We now give the proof of Theorem 1.1. 

Proof of Theorem 1.1. We assume that here g is linear on y and and independent of 
z i.e (H 2 ) holds. By (Hj), (H*), Theorem 2.1 and Lemma 2.2, we know that x 1— > Y x {uj) are 
continuous injective for all t G [0,T], a.s. Next we prove the onto property of x 1— > Y x {uj). Let 
(Y X ,Z X ) and (Yf,Z*) be respectively the solutions to equations: 



£(x)+ / |/( s ,o,o)| + ^(1^1 + 1^1 



+ 



a(s)Y s x dB t 



Z x s dW Sl 



and 



\f(s,o,o)\+c f (\Y:\ + \z:\) 



ds 



+ 



It ^ 



Y x dB s 



Z x s dW sl 



where C/ is the Lipschitz constant of /. 

Once again appying the comparison theorem of BDSDE, we obtain 

Yt <Y t x , V x G Ht, V t G [0, T], a.s., 

Yt <Y t x , V x G JR, V t G [0, T], a.s. 

For < Eq < e, choosing M > Rq sufficiently large such that 

CnT e 2CoT 

\h(x)\ > — , for all \x\ > M, 

e — Eo 

where C is the constant in (Hy). 

Then by (H|) we have 
£(x) + C Te 2C ° T < h(x)e , V x < -M a.s. 

f (z) - C Te 2CoT > h(x)e , V x > M a.s. 

Set X±(x) = /i(x)e exp (±C/(T - t) + a(s)dB s - f jf \a(s)\ 2 ds^j . Then 

/" T /" T 



Xt{x) = h{x)e Q ±C f J Xf(x)ds + J a(s)Xf(x)dB s . 
By (Hj) and Theorem 2.1 we have 

Y t x <X+(x) = h{x)e .exp(c f (T-t) + £ a{s)dB s -^£ \a(s)\ 2 ds^J , 

V x < — M a.s 



h(x)e Q .exp(^-C f (T-t) + £ a(s)dB s -~£ \a(s)\ 2 ds^J = X~(x) < Y t x , 

V x > M a.s 

Thus, we finally get from (Q to ([H]) and (H|) 

\imY t x = +oo, lim Y t x = -oo, V t G [0, T] a.s., 

too I— oo 

which complete the proof of surjection of the mapping x i— > ■ 
The following lemma plays a crucial role for proving Theorem 1.2. 
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Lemma 2.2 Assume (Hj-), (H*), (H 2 /) and (H|'). Moreover, we suppose that g(s,uj,y, z) = 
a.s. 27ien 



liminf iE sup \Y t x \ 4f3 = 0, 

|x|-H-oo \0<t<T / 

where (3 is given in (H|'). 

Remark 2.1 VFe observe that if (H 2 ) holds, hence g(s,u,y,z) = anrf (H*) «s verified. 

Proof. In the following proof, by drawing the sequence if necessary, without any loss of 
generality we may assume that for all x G IR IE|£(a;)| 4/3 < oo. 

For any e > 0, by Ito's formula we have 

(\Y t x \ 2 + ef = (|^)| 2 + ^ + 2/3 j\\Y:\ 2 + e)^Y s x f(s,Y:,Z:)ds 
-2(3 {\Y*\ 2 + ef- x Y*Z x 8 W 8 



+2(3 J (lY^ + ef-X^Y^Z^dB 
-2(3{(3-l) j\\Y^ + ef- 2 \Y^\Z, 



x\2, 
s 



, ds 

-(3 j\\Y!\ 2 + ef- l \Zt\ 2 ds 

+2(3((3 - 1) j\\Y*\ 2 + ef- 2 \Y:\ 2 \g( S , Yf, Z* s )\ 2 ds 
+(3j\\Y:\ 2 + er- 1 \g(s,Y:,Z:)\ 2 ds. 



(2.8) 



Let us first prove the a priori estimate 

sup TE(\Y t x \ 2 ) 2(3 . (2.9) 

0<t<T 

It is clear that (H|) and (H 2 ' ) implies /(s, 0, 0) = 0, which together with (Hj) then gives 

\f(s,y,z)\<C f (\y\ + \z\). 

Since /3 < ±^A0, we can choose 5 > such that [/3(Ci + 5C f ) + 8/3 2 - 2(3 - a 9 (16/? 2 - 4/3)] > 0. 
Thus replacing (3 by 2(3 in the above estimates, taking expectation and letting e j 0, we have 
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by ab < 5 + b 2 /(46) and monotonic convergence theorem: 

TE\Y x \ 4f3 + {/3(d + 6C f ) + 2(3{A(3 - 1) - 2a g (3{A(3 - 1)] J JE(\Y x \ 2 ^-^\Z x \ 2 )ds 

< mxr + [ m c, (i + 1) + w - d] [ nv^s. 

Hence, Gronwall's inequality gives for any t e [0,T] 

E |y*|4J + jf Edy/I 2 ^- 1 )^! 2 )^ < CE|e(x)| 4/3 . 

Thus (JZ3D follows by (Q . 

Similar to the above calculations, from (12.81) we may derive that 

|^1 2/3 < |e(^)| 2/3 + C / \Y x \ 2(3 ds-2f3 \Y x \ 2 ^Y x Z x dW s 

Jt Jt 

+2P £ \Y s x \ 2 ^Y s x g(s,Y s x ,Z:)dB s . 



Therefore, by Doob's maximal inequality 



( 



El sup \Y X \ A(3 

\0<t<T 



< E|£(x)| 4/3 + C^ \Y x \^ds + CM 







sup 


[\y;\ 


0<t< 





Y x \ 2(p - l) Y x Z x dW, 



+CIE 



sup 

0<t< 



\Y x \ 2 ^Y x g(s,Y x ,Z:)dB ! 



< E|£(a;)| 4/3 + C [ m\Y x \ 4/3 ds + C [ JE(\Y?f~ 2f, -V\ZZ\ 2 )ds 
Jt Jt 

which yields the result by (H| ). ■ 

Proof of Theorem 1.2 By (H| ), Theorem 2.1 and Lemma 2.2, the mappings x i— > ^(cj) 
are continuous injective for all i G [0, T], a.s. With the help of Lemma 2.3, the proof of 
surjection of x i— > 5^" (a;) is just a repeat of ([7], P-13) and we therefore omit the details. 



3 Applications 

In this section we consider Eq. fll.2p and work on the framework of Pardoux-Peng [6], assuming 
that 
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(CJ-) for every s G [0, T], (x, y, z) i— > /(s, x, y, z) is of class C 3 , the first order partial derivatives 
in y and z are bounded on [0, T] x IR x IR x IR, as well as their derivatives of order one 
and two with respect to x, y, z; 

(Cj) for every s G [0, T], the function x i— > f(s,x, 0, 0) has polynomial growth at infinity 
together with all partial derivatives up to order three; 

(C 3 ) for every s G [0, T] and w, z G IR, the function i— > /(s, x, y, z) is increasing (or decreasing) 
in X] 

(Cj) for some C\ > and £i > 0, it holds that y.f(s,x,y,z) > — Ci\z\ 2 for all s G [0, T] and 
\y\ < £i 3 x, z G IR; 

(C*) g(s,x,y) = a(s,x)y such that, for every s G [0,T], (x,y) 1— ► g(s,x,y) is of class C 3 , the 
first order partial derivatives in y is bounded. 

(C^ 6 ) a, 6 G C 3 (IR) have all bounded derivatives up to order three; 

(C^ 6 ) there are constants C\ > such that 

+ |cr(x)| < Ci|x|; 

(C^) h is of class C 3 with polygonal growth derivatives up to order three; 
(C|) x I— > is increasing (or decreasing) and a homeomorphism on IR; 
(C|) there are constants c 2 ,7 > such that 



Consider the following quasilinear parabolic stochastic partial differential equations: 

du 

— (t, x) + Cu(t, x) + f(s, x, u(t, x), (d x ii.o~)(t, x)) + a(s, x)u(t, x)()B s 
dt (3.1) 

u(T, x) = h(x) 

where u : [0, T] x IR — > IR, C = \o~ 2 {x)-j^ I + K x )^ an d denotes the Wick product, which 
indicates that the differential is to understand in Ito's sense. Pardoux-Peng [6j proved the 
following result: 



Theorem 3.1 Under the assumptions (CJ-), (C|), (C*), (C^J and (C\), for any t G [0,T], 
let {(Y*> x , Zl' x ), s G [t,T]} be the solution to Eq. (TOj) . and de/me 

u(t,ar) = Y t f ' x , 

then u G C 1,2 ([0,T] x M) is the unique solution to Eq. (jg.jp . 
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We need the following lemma which is proved in [7]. 

Lemma 3.1 Assume that (C^J and (C^ fe ) hold. Then, for any (3 < there is a constant 
C > such that 

m\x l f\ w < c\x\ 2(S , t g [o, r], s e [t, T], \x\ > 1. 

Next, applying the well known comparison theorem about the forward stochastic differential 
equation (see [7]), and the above lemma as well as Theorems 2.1, 1.2 and 3.1, we can prove 
that 

Proposition 3.1 Under the beginning assumptions of this section, for any t G [0, T], the 
mappings x i— > Y^ x {u) are homeomorphisms on IR for all s G [t, T] a.s. In particular, the 
unique solution to Eq. (\3.1\) x i— > u(t,x) is a homeomorphism on M. 

Remark 3.1 Originally we intended to treat the problem in the present paper in general case 
i.e g nonlinear, in the hope of obtaining the homeomorphic property. But we have revised our 
ambition to fuck. Indeed, one knows that if g is not linear, the backward SDE (Iff. 51) has not an 
explicit solution, which does not provide proof of surjective. 
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